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1 Sherrington-Kirkpatrick model

Consider the Hamiltonian

H=> 1788 —hY_ S (1)

1<J

where the bonds J;; are quenched variables following a Gaussian distribution

P = K et 5 (5,2 ©)

Note that its mean is % and variance sz It is so defined such that some quantities of the system are proportional to N,
which is physical.

Here J;; and S; are both random variables. We assume the former to be quenched, i.e. fixed on the timescale on which
the latter fluctuates. Further, we define the average of some quantity over the S; the THERMAL AVERAGE and denote with
< - >; the average over J;; is the CONFIGURATIONAL AVERAGE and denote with [-].

Let s = {51, Sa, ..., Sn}. We are interested in the configurational average of the free energy, defined as

[F (s)] = —Tllog Z (s)] = —T[log Y _ exp(—BH (s))]. 3)
{s}

Here the sum is over all possible values of s. This corresponds to the Tr operator in the Nishimori text.

2 Calculating the free energy with replica method

To compute [F], we use the exact identity

Z" -1
[log Z] = lim g
n—0 n

Plug in Z = e #H and Eq 1, write [Z"]

n N n
[Z"]Z/HdJijP(Jij) ST exp (BY Ty > SeSy RN se (5)

1<j {s>,8P,...,s"} i<j a=1 i=1 a=1

Now, for the variables {J;;}, plug in expressions for P(J;;) and complete the squares in the exponents to get
1

N n
(Z"=C1 > exp %Z %BQJQZS?SfoSerBJOZS?S;“ +BRY N S b (6)

{s>,88,..,s"} i<j a,B o i=1 a=1
The constant factor does not depend on {s, J, N}. This step is the key usefulness of the replica method. We simply integrated

out the J;; and obtained an expression that does not depend on them.
The last term is not changed because it does not contain J;;. We now rewrite several things. First, Za’ 3 SfoSf SJ-B =

23 5505087 S) + 30 (5¢89) ! =2, 5¢59SPS? + n. Therefore

K2

1Superscripts with o, 8 are not exponents.



(Z"]=Cy > exp % 62J2 2)° 528087S) +n | + By Z S&Se | + th Z 5 (7)

{s>,sP,...,s"} i<j a<f i=1 a=1
N n
_ 1 1 2 2 2 72 a o B of a Qo fe%
=G Y epiy > (58 BJ 2) " 5r85SIS, +BJOZSS +BhY_ DS, ()
{s>,sP,...,s"} 1< a<f i=1 a=1
N —1)3%J2
= Crexp ((iﬁ”) > exp NZ B2y Zsasasﬂshwozjsasa +6hZZsa (9)
{s>,88,...,s"} i<j a<f i=1 a=1
s NOV-1)

To get the first factor, we used the fact that >, m) ~

terms. Further, since we assume a large N, exp ( i

’L<j 2

exp (%) . Now we look at the second exponent (after Tr). First,

~ ZﬂQJQ > seseslst = Z (Z Sa53> >N sespsls?

z<j a<f a<f i i a<f

8> (ZW)Q—zzl

a<fB i i a<f

We shall neglect the last term, since it is constant in {s,JJ, N} and simply leads to a coefficient. The same can be done for
the second term. IL.e.

s - thy (s Sy

1<j «

where the last term is neglected for the same reason. Combining all the transformations, we now have

2 72, 2 N n
[Z”]:Cgexp<m4‘]) > exp 2NZ<ZS°‘S[3> +5‘]° (ZS“) +BRY ST Sseh . (10)

{s>,s8,...,s"} a<f i=1 a=1

Note that the right hand side here has a different coefficient from that in the RHS in Eq. 9.
The goal now is to “linearize” the quadratic terms? in Eq.10 with the following identity (this is sometimes referred to as
the Hubbard-Stratonovich transform)

exp (3’22) h jiexp< x;)exp(a:y). (11)

In this identity, we introduce a normally distributed variable = to linearize the quadratic term 2. For Eq.10, we introduce
2
a Ngqp for (Zl S?Sf) and Nm, for Y _, S. Then, by the identity above,

2 2 [e%s}
exp 5 (Z sasﬁ> - / dygiﬁ exp ( 52J2Nq‘“’ B2 as Y Sfo) (12)
— o e p

exp (Z SOé) — B dﬁ%ﬂ exp (—BJONmi + BJoma zzz Sf“) ) (13)

Do this for all the gog, M, and absort the resulting v/27 into the constant coeflicient, we have

2This is desirable because if we have Z{S}(exp (a1s1 +azsz...)), then we can rewrite it as 35, _ 1 exp(a1s1) > ., 44 exp (a152) ...



[Z"] = Cy exp (W‘) / I dNas Hdea

oc<,8
2 72
R Il S Ll
{s>,s8,...,s"} a<f a
N n
exp | B2J2 ) qas Zsasﬁ +BJo Zma Z S¢ | exp (mZ > Sf‘) :
a<f i=1 a=1

We can integrate over gog,m instead of Ngng,Nm, by multiplying everything by the Jacobians, which is a power of N.
Absorb it again into the coefficient to get

2 72 oo
[Zn] = Cyexp (W) / H anﬁ Hdma' (].4)
T a<p «
2 72
exp [ LS 2, - P S ) (15)
a<f a
Y, e ﬁQJZanBZSQSﬁ+BZ (Joma + h) ZSO‘ . (16)
{s>,s8,...,s"} a<p

For the last term, rewrite it as

N
H Z exp [ g2 ZQQBSO‘SB—I—ﬁZ (Jome + h) S| . (17)
i= 1{50‘ 8/3 5T a<f

Since for every i we are summing it over the same variables {s%, ZB , ...y 87) over the same values (+1), and there’s no

dependence on 7 otherwise, all N terms in the product are the same. Using S“ to denote a “general site” on the lattice, we
rewrite this as

N
Z exp | 8%J2 Z 4apS®SP + ﬁz Jome + h) S¢ =exp Nlog Z exp (L ({gas, ma})) (18)
{S?,Sf,‘..,s ) a<p {5?75?’ ’5")
where
L ({gap;ma}) =BT qupS*S° + /32 (Jomea +h) S| (19)

a<f

We thus obtain

[Z"] = Cyexp (W) / 11 d40s Hdma (20)

® a<p

B2JEN BJoN
> QZB_ ; Z 2+ Nlog Z exp(L) . (21)

a<f « {8=,58,...,57)

exp{ —

Importantly, the exponent is proportional to N. At the large N limit, value of the integral is determined by maximum of
the integral (METHOD OF STEEPEST DESCENT). Let

22N JoN
E::—ﬁ 5 qiﬂ—ﬁg Zmi—&—Nlog Z exp (L) (22)
a<f a {Se,56,....57}
{ah 5, My} = arg  max }E. (23)
qap,Ma



The integral is

n Np%JI*n  B2J2N 2 JoN N
2 = Coexp{ T BT S () - PN e e Nl Y e () (24)
a<p a {5,57,...,57}
B2J? 2J? 2 B N 1
=Cyexp{ Nn 1 BQn Z (akg) — 2—710 Z (mk)” + - log Z exp (L) . (25)
a<p a {S,85,...,5}

Now as n — oo, the exponent goes to zero. We expand the exponent around 0 to get

2 72 2 72
[Z"] =14+ Nn B4J - ﬂQJ Z B 2 BJO Z log Z exp (L) ¢ . (26)
" a<h (§2,85,...,57}

We are finally ready to plug it back into the replica identity to get

logz] .. [Z"] -1
) @7
. 22 22 * 2 J,
= Tl}_)rno p 1 ﬂQn Z ﬂ 0 Z log Z exp (L) ¢ . (28)
a<p {Se,5%,...,57}

We now examine {qaﬁ7 m} more carefully. A necessary condition for them to maximize the exponent in Eq.22 is that
9 p=,0"F=0.1le.

m Oma
1 9 1 Yso.s0...50) €xp (L) B2J2
Gos = 2373 7, - 108 exp (L) = Sy gogh (20)
B B2J2 dqap {S%S;"Sn} EENERD S Y )
> (50,86, 5n} 5288 exp (L)
B . (30)
Z{Sa,sﬁ ..... gny} €XP (L)
1 90 o wy 9% exp (L
me = 5o log Y ew(l)= (52,585 (L) (31)

¢ BJoImg (oot > (se,s0,....5n} €xp (L)

Whether these represent the maximum needs to be determined from the second derivative. This issue is visited later.

2.1 ¢.p and m, as order parameters (TODO: check these identities)

It can be confirmed that

. S0P -8 H
. s il e )] [(ses7)] (32)
E{sa,sﬁ,...,s"} eXp (_B Ery:l H’Y)
where
H, =Y J;S]S] - hZSV (33)
1<j
and
ma = [(S7)] (34)

3 Replica-symmetric solution

How do gp and m, depend on «, 37 A naive guess is that, since all replicas are equivalent, at the end of the day we should
have

Vo, B 1 qag = q, Mo = m.



This is the REPLICA-SYMMETRIC SOLUTION. Plug these expressions into that for the free energy, we have

logz] .. JpB>J> B*°1P(n-1) , By
N - TJi% 4 B 4 4 2 m +- n 1 Z exp (anﬁ:q*ma:m)
(S,55,....57}
p*J? BJo
== (1+ q2) -5 Eom? + hin L log Z exp (Lgus=g,ma=m) -
{Se,5%,....57}

For the last term, plugging in ¢, m

1
- log Z exp (Lo p=g,ma=m) = log Z exp | B2J%q Z S*SP 4+ B (Jym + h) Z S

o707 ) {57,575 a<p
We can introduce a Gaussian variable to linearize the product 5%

2 72 22
p(2) = FJ T exp (—ZBQJQq)
2 2

and rewrite (using the same identity from Eq.11)

%log Z exp | B2J? Z Qo 5Sa5ﬁ + ﬁz Jome + h) S¢

{s%,5%,...,57) a<p
1 n
=-1 d 2722 S5 — =32 J? J h S«

The —%32J%¢ term came from (3, 5)? — 2 > a<p S*S# = n. Further,

%log/dép(A) Z exp <62J2q225(’ + B (Jom + h) ZSO‘ — 252J2q>

{SO‘ 817 ,S")
1
:glogexp (_gﬂ2j2q) /dzp(é) Z exp (Zga (52J2q2+6(J0m+h))>
{S2,85,...,5m} o

Define z ~ N (0,1) and Dz to be the standard Gaussian measure. Then we perform a change of variable and obtain

%1og exp (—gBQqu) /Dz Z exp (Z S*(BJ\/qz + B (Jom + h)))

{89,55,...,57}

Now that the exponent is linear in S, we can perform the summation separately for each replica, i.e.

Z exp (Z S (ﬁJ\/?1z+ﬂ(Jom+h))>
->8T) «

{5, s

—H Z exp (S (BJ/qz + B (Jom + h)))

y=1S=+1
={2cosh (BJ+\/qz + B (Jom + h))}"

Hence the last term in Eq.36 can be written as

RN

1
- log/Dz exp <nlog2cosh (BJVqz+ B (Jom + h)) — gﬂQJQq) .

We now take the small n limit, and expand the exponential around 0



~ %log {1 + n/Dzlog2cosh (BIqz+ B (Jom + h)) — ZﬁQJQQ} (40)

Expand the logarithm around 1 to get

e /Dz log 2 cosh (BJ+/qz + B (Jom + h)) — gBQJQq. (41)
Define
H(z):= J\/qz+ Jom+h (42)
and obtain
_ 1
71}1}% n log Z exp (qu:q,ma:m) = /Dz log 2 cosh (ﬂH (z)) — 552J2q. (43)

{s?,s?,...,s?)

Plug this back into Eq.36, we have a final expression for the free energy in terms of ¢, m

[1ngVZ] - BZ‘]Q (1- g2 - 2 —m +/Dzlog2cosh (,BH( )) (44)

We now set aq“f’fv—z] = 8m[lojgviz] = 0 to obtain
m = / D> tanh B (2) (45)
g=1- /DzsechzﬁH /Dz tanh? BH (z). (46)

4 Replica symmetry breaking and the Parisi solution

4.1 Problem with the symmetric results: negative entropy at low temperature

Here we assume Jo = h = 0. Thus H(z) = J /g
According to Eq.46, as T — 0, or 8 — 00, ¢ — 1. We therefore guess that near this limit, ¢ can be linearized around
T = 0 with an unknown factor a. L.e., g =1 — aT,a > 0. Then,

hm Dzsech?BH (z BJ /Dz( tanhﬂJz) = EDZ (26 (2)) = zz (47)

The unknown a = \/g /J. To compute the entropy, we first compute the free energy at this limit. Under the assumption
of Jy = h =0, Eq.44 becomes

o 2 72 9
B11] _ ZgVZ] :754‘] 1-q) —/Dzlog?cosh(ﬂj\/az). (48)

Here [f] is the configurational average of the per-spin free energy.

Plugging in ¢ = 1 — T\/% /J, the first term gives —%. For the second term?, since the integrand is even and assuming
large

/Dz log 2 cosh (8J+/qz) = 2/0O Dzlog 2 cosh (8J+/qz) (49)
/ D 10g2 (*51]\/62)24’ exp (BJ\/@Z) (50)
~2 [ Drlog2®PPIVEE) (5 IVE) ~ 28J,/4. (51)

0

Expand /q around ¢ =1 to get

3This derivation is slightly different from the one presented in the book.



/ Dzlog2cosh (8J,/qz) ~ 28.J (2x)*/* (1 — aT/2) . (52)

Adding the two terms together to get

2 T
~—\—J+ —. 53
flm =20+ 5 (5)
Since the FF = E — T'S, we conclude that
1
S=—-—. 54
5 (54)

The negative entropy is inconsistent with the fact that SK models have discrete degrees of freedom (and therefore have
non-negative entropies). It was later found that this came from the assumption of replica symmetry, not the numerous
sketchy math steps that we performed?.

4.2 Stability of solutions

When deriving the free energy, we used the Method of Steepest Descent. It only works if we can maximize the exponent. In
the derivations above, we only extremized it w.r.t. gog, mqo. To see whether we found a maximum, we need to see whether
the Hessian is positive definite. We again assume h = 0.

Denote
y*P = BJqap, x® = \/BJoma. (55)
Rewrite Eq.28 as
[f]:—ﬁ—ﬁflimi iy Zl P +log > exp ﬂJZy“"S“SBM/fT%Zx“S“ (56)
4 n>0Bn 2 2 '
a<f o {Se,96,...,8m} a<p

Write % = 2 + €, y*? = y +n®P. We expand all the 2%, y®? around the same value because that was the assumption
of replica symmetry. Then write

Lo:=BJy Y 5*S° +/Blox Z se (57)

a<fp

2 (5%,98, .5 eLO({Savsﬁ,...7s"})f
) eLo({S°,5%,..,5"}) °

(58)
Z{Sw SB,..,8m}

Then we can start expanding [f] to the second order. Remember that, since we've already extremized [f] w.r.t. ¢®#, m®, the
first order derivatives are all zero. Also, lim, o> (50,55, gn} €XP (Lo) = 1.

.....

log Z exp | BJ Z yP5288 +\/BJy Zan”‘

{5«,88,...,.87} a<p
~ log Z exp (Lo) + % Z acB <S“55 + Z Znaﬂnvé <Sasﬁsvsé>
{52,88,...,57} a<By<é
- % > e (97, (7). _ES '] DO (5087, (s78%),
af a<By<s
= BIV B Z Z e’ <55>Lo <Sasﬁ>Lo
§ a<p
NS SHIECEN
§ a<p

Adding contributions from -3 53 s (y>? ) DI (z*)? in Eq.56, we can summarize the second-order dependence of
[f] on €,1 (up to a positive scalar fn) as

4Complaint is my own



A ::% Z {Daﬁ — BJo (<5a5ﬁ>LO — (5%, <sﬁ>L0) } € (59)
BJ\/ﬁJO SN ((8%),, (5°57),, — (°575%), ) ey (60)

6 a<f
1
S S Dl — B (52575757, — (5757, (575%),, ) b, (o1
a<fy<é
Here D is the Kronecker’s delta function. D(,g)5+) == 1 only if o, 8 = 9,. We now consider the Hessian G. Remember
that (5%), = <Sﬁ>Loetc.
82 « (63 « J—
Gao = 5oz D = 1= BJ ((5°5), = (8%, (87),,) = 1= 8o (1—(57)7,) = A
82
= _ a QB 1% —
Gap = 5amz D — B0 ((5°5°), = (5°)},) = B

82

7 1 p272 _ /aagB\?
G(aﬁ)(aﬁ)_ianaﬂanaﬁA_l peJ (1 (58 >L0) P

« 2 J—
Glapyian = =827 ((757) = (s°5°)") = Q
(0% (07 2 J—
Glapyne) = —B2J% ((5°5°578%), — (5°5"), ) =R

32
Gafap) = DeadnoB BIV B ((Saﬁo (528%),, - <Sﬂ>LO)

sy = BINVBIo ((87), (887),, — (5°8°87), ) =D

To compute these values, we need to calculate the correlation functions, including (S), <S"‘ SB>LU ,<Sa Sh 57>L0 , <Sa SPSY 55>L0
Here the p-point correlation function is defined as

/ Dz (tanh BH (z))p (62)

In the paramagnetic phase, all p = 1,2, 3,4 correlation functions are zeros. The only non-zero values are A and P, which
are on the diagonal. Therefore the matrix has two eigenvalues, A and P. To make it positive-definite, we need A > 0, P > 0
and thus

1-06Jy>0=T>Jy

1-B212>0=>T > J

This condition can be shown to be always satisfied in the paramagnetic phase. Thus, the solution is stable in this phase.
In the ordered phase, m = 0, ¢ > 0. Consider possible eigenvectors of G. Eigenvectors should have the form [e*, €?, ..., ", n*? ... ],
which is of dimension w There are three forms of possible eigenvectors.

The first form, which describes one eigenvector, has Va : €* = €; Vo, § : 7% = 1. The corresponding eigenvalue is

Alzé{A—B+P—4Q+3Ri\/(A—B—P+4Q—3R)2—S(O_D)Q}' (%3)

The second possible form, which describes n eigenvectors, has form €’ = a for a specific §, Va # 60 : € =b, a = or B =

0:n*? =c, a # B # 60 =d. The corresponding eigenvalue approaches A\; as n — 0.

n(n;l) eigenvectors, has form ¢ = €¥ = a,7% = ¢,n* = n¥® = d,n*® = e. Its eigenvalue

A final form, which describes
is A3 =P —2Q + R.

We can be sure that any eigenvector is in one of these forms by confirming that they define
which matches the number of eigenvectors for the matrix.

To make sure A; > 0, a sufficient (but not necessary) condition is that A — B > 0 and P — 4Q + 3R > 0. Since

% eigenvectors in total,



[0 g1 q1 \
@1 0 q1 do
q1q1 0

0 g1 ¢1
G |91 0q
K a1q1 0 )

Figure 1: 1RSB ¢ matrix.

0%[f] [
Om?2 0q?
(the first is true because m minimizes the free energy; the second is true because ¢ maximizes the free energy due to

issues introduced by the replica method when n < 1). Thus, A\; > 0 is always true. Since the second eigenvalue approaches
this one, it is also positive. For the last eigenvalue to be positive, we need

A— B x >0

>0,P—4Q + 3R

P-2Q+R=1-p3%J(1-2¢+7)>0
where 7 is the 4-point correlation as defined in Eq.62. This leads to

(?) ’ > /Dzsech4 (BJVqz + BJom) . (64)

This equation is solved numerically to give the boundary where the symmetry is broken. The boundary on Jy — 7" plane
is termed the de Almeida-Thouless (AT) line.

5 The Parisi solution

5.1 Multi-step replica symmetry breaking (RSB)

Under the replica symmetry assumption, ¢®# do not depend on «, #, and neither does m®. To break the symmetry, we need
to consider structures in the ¢ matrix. Recall that in the replica symmetry assumption, Vo < 8 : gop = q. We now define a
n-RSB matrix. Consider 1-RSB. We introduce an integer m; < n. As an example, consider n = 6 and m; = 3. Then the ¢
matrix would look like Fig. 1.

We can perform the same procedure iteratively, introducing mg,ms..., and ¢9,¢s, ... in the process (See Fig. 3.2 in
Nishimori). They are all integers and should satisfy

n > my 2> my >

> 1. (65)

We now define a function

(@) =q (miy1 <x<my). (66)

Clearly this function is defined on non-integer values. We now take the non-Kosher limit of n — 0, and thus all the m
go to 0. And then magically at this limit, we consider 0 < my < ms.. < 1 (since all the m move to the left of 1 with n I
guess...?).

Also note that we maintain our replica symmetry assumption for m®.



5.2 First step RSB

To calculate the free energy right now, we need to go back to the expression for [Z"]. Consider the function L defined in
Eq.18. Since we are considering Jy = h = 0, the only thing left to compute is

n 2 n/my
anﬁsasﬁz—% q0 (ZSQ> +a—aq) Y, (Z Sa) —nqi . (67)

a<f b=1 aEBy

Here B;, denotes the b-th block, of which there are n/m; ones. The first term in the bracket is like filling the g-matrix
with ggp; the second term is like replacing all the g inside blocks to gi; the last term removes the diagonal of the matrix.
Similarly, the term in the free energy expression Eq.28 is

n
lim — Z Qap = hm — {ang + m—lm% (ai —a3) — nq%} =(m1—1)¢ —mig}. (68)

n—0n
a#fh

For the reader’s convenience I copy Eq.28 as

_ logz] . 2" -1 . p2J? 32J2 . \2  BJo 2 1
Plfinss] = —=3= = —lim == =l ) ==+ o 2 () 4 gy 2 0n0) = Jlog ) exp(Tanss)
a<p o {8=,88,...,5m}
(69)
First, plug in Eq.68 and taking the limit for the first three terms
B2J? J 1
BlfirsB) = 1 {(m1—1)g] —magy — 1} + = B Om? — - log Z exp (LirsB) - (70)
{S«,86,...,57}
We then plug Eq.67 into the expression for L (copied below for convenience) to get
L({gap,ma}) =BT qapS™S” + BZ Jomea + h) S°. (71)
a<f
n 2 n/my my
= Lirsp = o0 (ZSQ> +(p—q) Y <Z 5a> —ngi ¢ 8 (Joma +h) 5. (72)
«@ b=1 aE€B,y «@

Our goal is again to linearize L with respect to S¢. When we were doing the replica symmetric calculations, we introduced
one Gaussian variable to linearize the exponent (see Eq.38). There we only have to deal with (> S )% and thus introducing
one variable is enough. Here we have both (3° So‘)z, and n/m; (ZaeBb SO‘) . So in total we introduce 1+ n/m; Gaussian

variables. First, introduce a Gaussian variable u to linearize (3. S*)° .

1
—1 L
n 08 Z exp (LirsB)

{$2,56,...,57}
. n/mi
_ 1 a 2 72 « _ @
= nlog{s 2 /Duexp BJ\FuZS 5 g0+ S“B (Jom +h) + (¢ — o) ;:1 (; S )
5P, « b

n/mi
1 1
:—552J2q0+ﬁlog /Duexp E S (BJIv/qou+ B (Jom + h)) + (g1 — qo) E (E S“)
.,8m) b=1

{S=, sB €B,

A

This step is exactly the same as that for linearizing (3 S(’)2 in the symmetric calculations, except that ¢ is replaced
by qo here, and that we denoted the new variable u instead of z. As it is the case before, the —EBQJ 2g term came from

> 5)? =23 ,55% S = n. We do not create an analogous term when we linearize Zn/ml (Xnds, S"‘) because they
are already written in the form of (> S )2

Now, introduce a separate v, for each (Zae B, SO‘) to obtain an expression for the second term above as

10



n/my n/my
log Z /Du H (/ Dvb) exp ZS ‘BJI\/qou + ZS(’ (Jom+h) + BIVa1 — qo Z p Z S (73)
{Sx,88,..} b=1 a€By

n/mi

log/Du Z H {/Dvexp (ZS“B (Jom+ h+ B8J qou)> exp <BJ\/M’U 21: SC“)} (74)

{Sa,88,....5m} b=1 a€By
n/m1
1
= log/Du /Dvb exp Z 8 (Jom + h+ BJ\/qou + J/q1 — qovb) (75)
{S>}eBs {S~}eBy
1 n/mi mi
:ﬁbg/Du H {/Dvb { Z exp (SB (Jom + h+ BJ\/qou + J/q1 — qov))} } (76)
b=1 S==+1
1 mi n/ml
= log/Du {/Dv { Z exp (SB (Jom + h+ BJ/qou+ Jv a1 — qov))} } (77)
S=+1
1 m n/m
== log/Du {/Dv {QCosh (6 (Jom +h+ BJqou~+ JVq — qov))} 1} (78)
1 my
- log/Du exp {n log {/Dv {2cosh (B (Jom + h+ BJqgou+ JVa@1 — qov)) } }} (79)
ll {1 + — / Dulog {/Dv {2 cosh( (Jom +h+ BJVeou+ JvVa — qov))} }} expand exponent around 0
n
(80)
~o /Dulog {/Dv {2 cosh (8 ( (Jom +h+BJVqou+ IV — qov))} } expand log around 1 (81)
1
=log2+ pr /Dulog {/Dv {cosh (ﬁ (Jom + h+ B8Jvqou+ J/q1 — qov))}ml} pull the factor of 2 out (82)
1
SLetting
E=8(Jom+h+ BJqgu+ JVar — qov) - (86)
We have
1 —m
A_log2+/Dulog{/Dv{cosh:} 1}. (87)
my
Plugging this back into the expression for S[firsn] to get
o ﬂ2J2 2 2 ﬁ 0 my
BlfirsB] = 1 {(ml—l)ql—m1q0+2q1 1}+—m —lo g2—— Dulog Dv{cosh =} (88)

This is now a function of qg, g1, m, m1 (m is the magnetization and m; is the block size!). We now need arg max for all
four variables. Differentiating 8[f1rsp| w.r.t. them and setting the derivatives to zero to get

) /D J Dv{cosh=}"" tanh = (29)
m = u
J Dv{cosh=}""
5For the last few lines, it may be useful to compare to the symmetric calculations below
Hence the last term in Eq.36 can be written as
1
— log/Dz exp (n log 2 cosh (8J+/qz + B (Jom + h)) — %BQJ2q) . (83)
n
We now take the small n limit, and expand the exponential around 0
1
~ — log {1 + n/Dz log 2 cosh (8J+/qz + B (Jom + h)) — 252J2q} (84)
n
Expand the logarithm around 1 to get
/Dz tog 2cosh (5= + & (Jom + b)) — = 527, (85)
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[ Dv{coshE}™ tanh 2>
*— | D 90
% / “ ( J Dv{cosh=}"" (90)

. /D [ Dv{coshZ}"™ {tanh =}
4 = u .

J Dv{cosh=}" (O1)

Apparently, the condition for m; is not important (since we consider multi-step RSB anyways) It can be verified, by again
computing the Hessian of 8[firsp] w.r.t. these four parameters that negative entropy occurs again at low temperatures.

6 Thouless-Anderson-Palmer (TAP) equations

The TAP equations are approximate equations of state for the local magnetization m; for every i. One way to derive them
is through Plefka expansions. Recall definition of the free energy (for a specific J)

F(s)

~TlogZ (s) = —Tlog Y _exp(—BH (s)). (92)
{s}

Consider the constrained optimization problem where we’d like to minimize H(s) while specifying the thermal averages
of s (i.e. the magnetization). We obtain a surrogate Hamiltonian (i.e. the Lagrangian)

fl(&a,m =aH (s Z)\

where the {\;} are Lagrange multipliers enforcing the constraints. The surrogate free energy becomes

F= —TlogZexp (—Bﬁ (s,a,m)) (93)
{s}
= —TlogZexp <—aﬁH +5Z/\ Si — ﬁz)\ m,) (94)
{s}
= —Tlog < exp < Z)\ ml> Zexp <045H + ﬂz)\ S) (95)
{s}
= —TlogZexp <—aﬂH + BZ AiS; ) - Z)\imi- (96)
(s} i

The idea here is the following. The true Hamiltonian would have a = 1. We expand F around o = 0, and then plug in
a =1 to get
1d*F
2 da? la=0

Fla=1)~F(a=0) fli

Denote (-) 7 as the thermal average with H as the Hamiltonian.

(97)

F(a= TlogZexp(BZ)\S 52)\m2>

{s}
= Z)\ m; — Tlochxp (52)\ S)
{s}
= Z)\ mi — TlogZexp (ﬁz)\isi>
{s} '

= Z)\ m; — TlogH2cosh BA\;)

i=1

- Z Aym; — T'log [ [ 2 cosh (8X;)
i i=1
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We now solve for the {\;} from the constraint equations {m; = (S;)5}. Since the only dependence of H on S; at o = 0
is through —\;S;

Then

mi = (Si) g = o = tanh (B);)

T
= \; = Ttanh ' m,; = 3 (log (1 +m;) — log (1 — m;)).

cosh (B)\;) = cosh (tanh_1 (m;)) = \/11_777%2
- T
F(azO):§Zmi(log(1+ml) log (1 —m;)) TZlog\/i

T

:§Zmi(log(l+mz) log (1 — m;)) TZlogQJr log(lf )

T

=§Zmi(log(l+m,) log (1 —m;)) TZlogQ—F (log (1 — m;) + log (1 +my;))

T
= §Z{milog(1+mi) —m;log (1 +m;) +log (14 m;)+log (1 —m;) — 2log 2}
i

%Z{(l—l—mi)log(l—f—mi)—l—(l—mi)log(l—mi)—(l—i—mi—i—l—mi)logQ}

14+m; 14+ m; 1—m;y 1—m;y
TZ{ 5 log( 5 )—i— 5 log( 5 )}
3

oF
S| = HE| =53 Jymim, - 2 b
a=0 a=0 i£]
O2F ON;
57 :—B<H<H—<H>H—Zaa(5¢—mi)>>
a=0 i H a=0
oN| 9 oF|
S R v
a= a=0 j#i
92 F
G CRUTED » s Ee)
a=0 i jFEL i la=0

=-p <H H+ % Z Jijmimj — Z Jijmimj + Z JijSimj > )

i) i#j i#j i

i#j i#]

= B var (H) 5 + < ZJZszmJ+HZJZJSmJ>
H

7 Acknowledgements

(100)

(101)
(102)
(103)
(104)
(105)

(106)

(107)

(108)

(109)

(110)

(111)

(112)

This note is based on derivations in Statistical Physics of Spin Glass and Information Processing: An Introduction by

Hidetoshi Nishimori.

Shaham, Julia Steinberg, and Weishun Zhong.

13

I thank patient tutoring from my colleagues (in alphabetical order) Nick Boffi, Qianyi Li, Nimrod



